
DIRECT METHODS
①

KEY IDEA : Discretize OCP =D Use Newer to find local
④ optimum

Discretization :

① Parametrize state Icon trot trajectories ( e.g , with polynomials)

② Enforce constraints ( dynamics 1- potholes) on a grid
④
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Tons of theory /methods to chose Troy . parametrization
and time grid so that NLP is it good approximation of OCP
and ii ) well conditioned



DIRECT METHOD : FAMILIES

① SINGLE SHOOTING . Discrete ze only ult)
( SEQUENTIAL ) . Compute Xlt) integrating dynamics

" No need to have dynamics constraints

② COLLOCATION . Discrete ze both xlt) and ult)
( SIMULTANEOUS) . Enforce dynamics on time grid

③ MULTIPLE . Discretized ult)
SHOOTING - Discreet iz e Xlt ) only at few points in time

• Compute intermediate values of x by integration



① SINGLE SHOOTING

Discretize control ult) on fixed grid a- t.at
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compute xlt) from ult) by integrating dynamics :

Htt - flx.u.tl
X ( o) = Xo



SINGLE SHOOTING - NLP I
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Running cost integral typically computed when integrating dynamics :
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NUMERICAL INTEGRATION
Neglect u because

Given ODE : i -- f ( x, t) , Ho)= Xo '

typically u is a

compute Htt t TE Lo
,
T ]#function of x

tf f is licentious =D unique solution and/or t
.

- bounded first derivative

EXPLICIT EULER

x' = Iim xltth) - HH Take h small
h -70 hhflx.tl

- xltth ) - Htt =p xltth) - xlttthflx.tl
Ok if h sufficiently small =p computationally expensive !

not very accurate ! ( order 1)



SUMMARY - SINGLE SHOOTING

• Remove x from problem variables
• Discrete ze ult) -- Yi V-te-ti.ti.in ]
• Compute x by integrating dynamics i=f(x. a)
• =D remove dynamics from constraints

• High - order integration schemes (typically) more efficient (e.g . RKD
• Need to differentiate integration scheme to compute gradient
of cost function and constraints

• Implicit schemes typically heeded for stiff dynamics



② COLLOCATION

Discretized) with polynomials ( e.g. , order K - o ) on fine grid :

Htt = si ftEfti,ti One polynomial for eachtime interval

Replace dynamics x' sflx
,
u ) with :

Siti - si si t Sitt
Fi - fl -2 ,

Yi ) - o i = 0, . . . . N - I
-

C
; ( Si, sit , , Yi ) = 0

Approximate cost integral :

llxltl.ua/ldt-llsitT.yillti.-til=lilsi,si+..yil



COLLOCATION NLP ( SPARSE)

minimize lilsi.si. .lk/tlflsn)

subject to so - X. = O initial conditions

Ci ( Si , sit , .fi/=Oi=0 . . .
N - I discretized dynamics

gilsi.yi.li/s0i=o...N discretized path
constraints

Why SPARSE ?



③ MULTIPLE SHOOTING
Discretize control ult) on coarse grid to at, c . . .

Ctu
ult) - y; V-tc-fti.tn , ]

Integrate numerically ODE in each interval [ ti
,
tie , ] starting from

state variable si :
ift) = ffxn.lt)

, y;) TE Iti
,
tin ]

tilt; ) -- si
Obtain tilt)

. Numerically compute integrals
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MULTIPLE SHOOTING - N L P

minimize lil si
, y ; ) + f. Isn )

y

subject to so - Xo = o initial conditions

continuitysit . -i=°
path constraintsfglsi.yil.co

Result of numerical

integration from si



MULTIPLE SHOOTING SKETCH

^

Xiltiti )µ÷÷.

-12=-1
T÷it



DIRECT METHODS - SUMMARY

① 9%9' no ③ IT.%I'what I ② collocation

④ Small problem • Medium problem ⑦ Large problem

④ Need only initial ④ Sparser than ① -0 Cannot adopt time grid

*:÷i:÷÷i÷*÷f÷÷÷÷÷÷÷÷f÷÷÷::÷÷÷:÷÷:""① Cannot exploit knowledge
of X In initialization

① ODE solution can depend
very heh linearly oh Y

① Numerical issues for
unstable systems


